We show that the Riccati-Padé method is suitable for the calculation of the complex eigenvalues of the Schrödinger equation with a repulsive exponential potential. The accuracy of the results is remarkable for realistic potential parameters.
on the approximation of the S-matrix by means of Padé approximants and the location of their poles. The authors mention that the methods for the calculation of bound states and resonances are usually developed separately in spite of the fact that those quantities share the same mathematical nature.
Some time ago we developed the Riccati-Padé method that applies to bound states and resonances of separable quantum-mechanical models [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Although the RPM is less general than the approach proposed by Ratikyansky et al [1] it is nevertheless an interesting approach for comparison purposes and benchmark.
The RPM [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] is based on a rational approximation to a modified logarithmic derivative of the wavefunction that satisfies a Riccati equation. From the coefficients of the Taylor expansion of this logarithmic derivative, which are functions of the energy, we construct Hankel determinants. Their roots give rise to sequences that converge towards the bound states and resonances of the quantum-mechanical model as the determinant dimension increases. In most cases the rate of convergence is so great that the RPM yields extremely accurate real and complex eigenvalues.
The rational approximation and the Hankel quantization condition appear to select square integrable functions and incoming or outgoing waves. Both, bound states and resonances emerge from the Hankel sequences because one does not introduce the boundary conditions at infinity explicitly.
Earlier results for exponential potentials suggest that the RPM may not yield virtual states and that the Hankel sequences converge to a wrong limit, although, suspiciously close to the right answer, in the case of some resonances [9] . The purpose of this paper is to investigate this feature of the RPM more closely.
In Section 2 we discuss a simple model that enables us to calculate the poles of the scattering amplitude from the roots of Bessel functions. In Section 3 we apply the RPM to this model and compare approximate and exact results.
Finally, in Section 4 we summarize our results and draw conclusions.
Model
In this paper we test the performance of the RPM on the Schrödinger equation
with the boundary condition ψ(0) = 0. This model has proved useful in the past for the study of bound, resonance, and virtual states [12] [13] [14] . Besides, the exponential potential is a suitable representation of repulsive molecular interactions [13] . The change of variables q = αx, Φ(q) = ψ(q/α) leads to an eigenvalue equation with just one potential parameter:
where ǫ = E/α 2 and λ = A/α 2 .
A further change of variables z = 2
forms the eigenvalue equation (2) into the Bessel equation
where ν 2 = −4ǫ. The general solution that satisfies the boundary condition
If we assume that the RPM will provide the eigenvalues of those solutions that satisfy lim q→∞ Φ(q) = 0, then it follows from the behaviour of the Bessel function at origin J ν (z) ∼ (z/2) ν /Γ(ν + 1) that they should be roots of
with Re(ν) > 0. The roots of this equation are poles of the scattering amplitude [13] .
The modified logarithmic derivative of an eigenfunction of equation (2) f
satisfies the Riccati equation
The Taylor series about the origin
converges in a neighbourhood of q = 0 and the coefficients f j depend on ǫ.
The main assumption of the RPM is that the roots of the Hankel determinants 
Results and discussion
Previous applications of the RPM showed that the rate of convergence of the Hankel sequences is remarkable for both real and complex eigenvalues [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
However, in the case of the exponential potential (1) the Hankel sequences were found to converge to a result slightly different from the one given by equation (5) [9] . For example, Table 1 shows Hankel sequences for λ = 0.5 and λ = 2 and the corresponding exact results obtained from the quantization condition (5).
Both Hankel sequences exhibit great convergence rate but they do not converge towards the expected result. We also appreciate that the disagreement between the exact and RPM eigenvalues increases as λ decreases. In addition to the great convergence rate, the Hankel determinants exhibit clustering of roots about the limits of the sequences as D increases, which is an indication of satisfactory convergence and meaningful result. However, those limits do not completely agree with the exact results given by (5). for a more detailed discussion of this behaviour). Moreover, it is well known that the roots ν of equation (5) tend to negative integers as λ → 0 [13, 14] but we clearly see that the RPM eigenvalues do not exhibit this behaviour.
However, it is most interesting that both real and imaginary parts of the RPM eigenvalues give a reasonable picture of the behaviour of the exact ones for large and moderate values of λ as shown in Fig. 1 . In order to show the increasing agreement between the RPM and exact eigenvalue with λ more clearly, Fig. 2 shows log |ǫ exact − ǫ RP M | as a function of λ.
The discrepancy between the RPM and exact eigenvalues just mentioned is interesting from a mathematical point of view, but it is not a serious drawback for physical purposes. It is well known that realistic potentials require much larger values of λ than those in Fig. 1 [13] . If, for example we choose λ = 100 the rate of convergence of the Hankel sequence is much greater than the one in Table 1 and the limit agrees with the exact result to at least 20 digits (see Table 2 ). Atabek et al [13] estimated the potential parameter for the 2 Σ + repulsive state of BeH to be Λ ≃ 134 that corresponds to λ = 4489. In this case the rate of convergence of the Hankel sequence is even greater and we obtain the exact result to at least 20 digits with D = 15 and d = 0 as shown in Table 2 . It is worth mentioning that for such large values of λ we find it easier to obtain the complex energies by means of the RPM than from the roots of the Bessel function.
Conclusions
We have shown that the Hankel sequences converge to a wrong limit that is amplitude from its poles [13, 14] . Table 1 Convergence 
